JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org. We classify the affine hyperspheres in R4 which have constant curvature in the affine metric h and whose Pick invariant is nonzero. In particular, the metric h must be flat.
INTRODUCTION
In the affine theory of hypersurfaces, the affine hyperspheres are analogous to the umbilic hypersurfaces in the Riemannian theory. Both are defined by the condition that the shape operator is a constant multiple of the identity. Although the list of umbilic hypersurfaces in real space forms is well known and can be derived as an easy consequence of the Codazzi equation, the situation in affine differential geometry is not so simple.
In fact, there are affine spheres whose defining equations involve arbitrary smooth functions (see, for example, [ 
5, ?5]). Thus it is appropriate to use some additional criteria to distinguish various classes of affine hyperspheres.
One approach is to restrict one's attention to so-called locally strongly convex immersions with the result that the affine metric is positive definite. This is a strong assumption and leads to general results. Such an approach has been taken by Cheng and Yau [3] and others.
Our approach is to allow h to be indefinite but to arrive at a specific list of examples characterized in terms of the geometry of h. In our previous paper [5] , we found the affine 2-spheres for which h is flat and U. Simon [8] has settled the case of nonzero constant curvature. In the present paper we use similar methods, along with the ideas of Yu [9], to study affine 3-spheres in R4. We will state our main result in ?2 after some basic terminology has been introduced.
In this paper all maps and manifolds are assumed to be smooth (C??) and all manifolds connected unless otherwise stated. The authors wish to thank Professor K. Nomizu for helpful conversations during the preparation of this paper, and the referee for pointing out a gap in the original proof which led to the introduction of Lemma 5a.
AFFINE HYPERSURFACES IN Rn+1
Let f: Mn -* Rn+l be an immersion. For any vector field 4 When S is a multiple of the identity, the hypersurface is called an affine hypersphere. In this case we write S = AI and A is automatically constant. If A is nonzero, the affine sphere is called proper; otherwise it is called improper.
A self-contained exposition of this foundational material on affine hypersurfaces may be found in Nomizu [6] . This source includes references to the original work of Blaschke [1] and others.
Specializing now to the situation in which we will be interested in this paper, the following is immediate from (5) and (6). Lemma 1. Let f: MI -* Rn+I be an affine hypersphere so that S = AI. Suppose that the affine metric h is of constant curvature a. Then 
EXAMPLES AND THE MAIN THEOREM
We now introduce the three examples we wish to characterize. They are determined by three algebraic equations of If the condition on J is omitted, the quadric hypersurfaces may be added to the list. In the definite case, these are the only additional possibilities, as Yu has noted. However, we cannot draw this conclusion in the indefinite case. 
= -a(h(U, Y) C(X, V, W) -h(X, Y) C(U, V, W) + h(U, V) C(X, Y, W) -h(X, V) C(U, Y, W) + h(U, W) C(X, Y, V) -h(X, W) C(U, Y, V)).
We now must take the trace. This can be done using indices in a tedious but straightforward way. However, it is perhaps more instructive to give an "invariant" calculation and we shall do this. We look at the curvature term first. 
It is possible to isolate its dependence on Y by writing (R(X, U) C)(Y, V, W) = h(F(U V
,
We now look at the other term. First define T by (VyC)(X, V, W)=h(T(X, V, W), Y).
Then it is not difficult to check that Thus the first two terms of (9) taken together also contribute 0 to the trace. This completes the proof of Lemma 3. will be written Cijkm . This last notation is used only in Lemma 9.
Corollary. Under the conditions of Lemma 3, if h is
In this section we list the basic identities satisfied by the components of the cubic form of an affine hypersurface in R4 for which the affine metric h is Lorentz. We use an orthonormal basis {ei, e2, e3} with el timelike, and e2 and e3 spacelike. From the relationship between C and K in (4) we get the following: In the case of an affine hypersphere with constant affine curvature, Lemma 1, (6') may be used to turn the above formulas into a set of identities for the coefficients of C. We state these identities, along with the apolarity condition, as follows: (1 1.1)-(1 1.6 ) are all equal to zero.
(ii) The apolarity condition takes the form Since t > 1, we have lp(t)l < I (IpI + 21rl) and thus Ip(t)I < Iu, where 2,u is the maximum of lPI + 21rI over 0 .
We claim that h(t) goes to oo with t and does so in a sufficiently uniform way to force g(x) to have a minimum. Specifically, we will show that for any positive number ca there is a number to independent of 0 such that h(t) > a for all t > to. This will allow us to choose a closed disk in B+, centered at el outside of which g(x) > 2g(e1). The minimum of g on this disk will be the global minimum of g.
In order to establish the required bounds, we prove the following claim. Note we need to use the fact that the Pick invariant is nonzero. 
